Abstract-Although the cardiac bidomain model has been widely used in the simulation of electrical activation, its relatively computationally expensive nature means that monodomain approaches are generally required for long-duration simulations (for example, investigations of arrhythmia mechanisms). However, the presence of a conducting bath surrounding the tissue is known to induce wavefront curvature (surface leading bulk), a phenomena absent in standard monodomain approaches. Here, we investigate the biophysical origin of the bidomain bath-loading induced wavefront curvature and present a novel augmented monodomain-equivalent bidomain approach faithfully replicating all aspects of bidomain wavefront morphology and conduction velocity, but with a fraction of the computational cost. Bath-loading effects are shown to be highly dependent upon specific conductivity parameters, but less dependent upon the thickness or conductivity of the surrounding bath, with even relatively thin surrounding fluid layers (∼ 0.1 mm) producing significant wavefront curvature in bidomain simulations. We demonstrate that our augmented monodomain approach can be easily adapted for different conductivity sets and applied to anatomically complex models, thus facilitating fast and accurate simulation of cardiac wavefront dynamics during long-duration simulations, further aiding the faithful comparison of simulations with experiments.
ducting bath is an important parameter to consider, being used to represent either blood for an in vivo scenario [4] or Tyrode's solution for in vitro perfused experimental comparisons [5] , [6] .
Although more recently used to simulate the effects of electrical shocks upon cardiac tissue [3] , [5] , [7] , in the years following its inception, the bidomain model was often applied to simulate electrical propagation within tissue in the presence of a surrounding conducting bath [2] , [8] , [9] . In these studies, the bath was shown to provide a shunting effect to the current in the region close to the tissue-bath interface, lowering the effective extracellular resistance by providing a low-resistance pathway for current to flow. This so-called bath-loading effect was seen to increase conduction velocity at the tissue surface, relative to the bulk, resulting in a curved transmural profile of the activation wavefront.
Despite the key role played by conductivity parameters in governing overall conduction velocity within simulations, experimental measurements of these parameters are wildly inconsistent [10] , with large disparities existing even within the same species [11] , [12] . As such, it is difficult for modelers to assign faithful conductivity parameters to their models. Often, conductivity tensors are adjusted to replicate experimentally recorded conduction velocities, as it is well understood how conductivity parameters affect such global properties. However, how such changes to conductivities, or differences in experimentally derived values, affect more subtle properties of the bidomain model, such as the bath-loading effect on the wavefront, have not yet been investigated.
In spite of the knowledge that surrounding conducting media influence wavefront morphology [2] , [8] , [9] , the monodomain approximation (where intra-and extracellular domains are assumed equally anisotropic), which cannot explicitly represent a bath, has been widely used to simulate electrical activity during propagation and investigations into cardiac arrhythmia mechanisms [13] [14] [15] [16] [17] . As arrhythmia studies generally require simulation over substantial periods of time (> 1 s for example [16] , [17] ), performing full bidomain simulations on highresolution whole ventricular models can represent a significant computational cost [18] , thus favoring the monodomain approach (∼ 10 times faster than bidomain [18] ). However, heterogeneity in conduction velocity between tissue close to external surfaces and deep within the myocardium, induced by the bath-loading effect of the bidomain model, could lead to increased complexity, potentially representing an important modeling consideration in the study of arrhythmias. Although there exist established techniques to recover extracellular potential Fig. 1 . Schematic representation of the method used to replicate the bathloading effect of the bidomain model using an augmented monodomain approach. Three tissue elements immediately bordering the tissue edges at the tissue-bath interface (shown in purple) are assigned increased conductivity values, increased by the respective R ζ value for the fiber and cross-fiber directions [calculated via (10) ]. Highlighted region shows finite element nodes in blue.
during monodomain simulations (either through infrequent solves of the elliptic portion of the bidomain equations [4] or using Φ e recovery techniques assuming tissue is immersed in an unbounded volume conductor [19] ) to compute ECG behavior (a key advantage of the bidomain model), to date, there exists no way of representing the bath-loading effect within a computationally efficient monodomain environment.
Therefore, the goal of this study is to: 1) provide a thorough investigation into the biophysical origin of the bath-loading induced wavefront curvature during propagation in bidomain simulations and how this effect depends upon conductivity parameters of both the tissue and surrounding bath; and 2) present a novel monodomain-equivalent bidomain model to accurately replicate the bath-loading effect of the bidomain model with a computationally efficient monodomain representation that can be easily applied to models of any complexity and adapted to replicate the effects for any specific set of conductity values.
II. METHODS

A. Geometrical Model
A regular tetrahedral finite element model, representing a 3-D slab of myocardial tissue, was generated with the meshing software Mesher. The model had dimensions 3.0 cm × 0.01 cm × 1.0 cm in the x-, y-, and z-directions, respectively, and included an additional representation of a perfusing bath of initial thickness 1.0 cm in the z-direction surrounding the tissue [see Fig. 1(a) ]. Node discretization within the myocardial model was 100 μm, giving a total of 60 802 nodes constituting 150 000 tetrahedral elements. Anisotropic conduction within the model was represented through the assignment of a locally prevailing cardiac fiber architecture within the model (the direction along which electrical propagation is most rapid). Two separate cardiac fiber architectures were considered: 1) fiber-orientation parallel to the x-axis; and 2) parallel to the y-axis.
In addition to the simplified slab model, a recently published high-resolution MRI-derived rabbit ventricular finite element model [20] was also used. The model contains 4 million myocardial node points, constituting 24 million tetrahedral finite elements, with a mean element edge length of 130 μm, and sits within a perfusing bath surrounding the ventricles and filling all cavities.
B. Simulationg Electrical Activation
1) Governing Equations:
Electrical activation throughout the ventricular model was simulated using the bidomain equa-
where φ i and φ e are the intracellular and extracellular potentials, respectively, V m = φ i − φ e is the transmembrane voltage, σ i and σ e are the intracellular and extracellular conductivity tensors, respectively, β is the membrane surface to volume ratio, I m is the transmembrane current density, I ei and I eb are extracellular stimuli applied in the interstitial space or the bath, respectively, I s is a transmembrane stimulus, C m is the membrane capacitance per unit area, and I ion is the membrane ionic current density that depends on V m and a set of state variables η. At tissue boundaries, no flux boundary conditions are imposed for φ i , with φ e being continuous. At the boundaries of the conductive bath surrounding the tissue, no flux boundary conditions for φ e are imposed.
In certain scenarios, it may be preferable to represent the cardiac tissue as a single conducting domain, whereby the bidomain equations may be reduced to the monodomain equation. Such a simplification assumes that the intra-and extracellular domains are anistropic, but to the same degree, allowing σ i and σ e to be related by a scalar λ [21] :
Substituting this relation into (1) and (2) reduces the bidomain equations to the monodomain equations, of which, the sole equation required to simulate wave propagation is
where σ m is the harmonic mean conductivity tensor or the effective bulk conductivity, related to σ i and σ e by
In 1-D, the conductivity tensors degenerate to scalar values and the bidomain and monodomain formulations are fully equivalent to λ = σ e /σ i . In 3-D, considering propagation along individual principal axes, the eigenvalues of σ m are given as
where ζ = l|t are the two assumed eigendirections of the tissue along the cardiac fiber direction (ζ = l) and transverse to it [24] , ROBERTS et al. [11] , AND ROBERTS AND SCHER [12] (ζ = t). [Note that other authors have previously defined the bulk conductivity to be g bulk = g i + g e [22] ].
2) Electrical Model Parameters: Cell membrane dynamics within the myocardial tissue were represented by a recent rabbit ventricular cell model [23] . Conductivities along the fiber l and cross-fiber t directions within the intracellular (g Table I . The default value of the conductivity of the extracellular bath g b was set to 1.0 S/m (isotropic).
3) Computational Considerations: The bidomain equations were solved with the Cardiac Arrhythmia Research Package (CARP) [25] . The specifics of the numerical regimes used in CARP have been described extensively elsewhere [18] , [25] . It is noted that an in-built property of CARP is the use of monodomain-equivalent bidomain conductivities [see (8) 
4) Stimulation Protocol:
The slab model, described in Section II-A, was paced through application of a transmembrane current pulse of magnitude 0.005 μA/cm 3 over 1 ms duration along the x = 0 plane of the tissue to elicit propagation in the x-direction. In the case of the whole ventricular rabbit model, the pacing stimulus was applied to the apex of the ventricles. For each model, electrical activation was simulated separately using the bidomain equations in both the presence and absence of a surrounding conducting bath, termed the full bidomain (BDM) and bidomain no bath (BDMNB) cases, respectively. In addition, the protocol was repeated using the monodomain approach along with the novel augmented monodomain-equivalent bidomain model (MDMEQ), the details of which are now described below.
C. Augmented Monodomain-Equivalent Bidomain Model 1) Quantifying the Bath-Loading Effect:
Within the center of the tissue, far from the bath, the effective conductivity within the entire domain (intra-and extracellular) is given by g bulk , specified earlier in (8) . However, for tissue in close proximity to the bath, current is shunted through the conductive bath that acts as a low-resistance pathway [2] , [26] . In this case, the extracellular conductivity of the tissue in this region can be thought of as being approximately equal to that of the bath, i.e., 
Therefore, an important parameter in predicting the magnitude of any bath-loading effect due to the presence of a surrounding conducting media is, thus, the ratio R ζ of the effective conductivity at the tissue edge, relative to the bulk conductivity experienced away from the boundaries
along each respective conductivity axis.
2) Representation Within a Model:
Using the previous knowledge of how conductivity close to the tissue edge is impacted by the bath-loading effect in the bidomain regime, an augmented monodomain model, which sought to faithfully represent this effect, was developed, shown in Fig. 1(b) . In the model, the three myocardial tissue elements nearest to the tissue-bath interface were numerically tagged (shown in purple) and assigned specific conductivity values different to the rest of the myocardium (green). The augmented conductivity values (g ζ aug ) were chosen to be equal to
where g ζ dft is the corresponding default conductivity value in the given domain (intra-/extracellular) along the given direction (fiber or cross-fiber) and R ζ is the corresponding conductivity ratio along that direction, calculated from (10) for the given specific set of conductivity values in question.
D. Data Analysis
For all simulations, initial activation times of each node by the propagating activation wavefront within the model were computed. In the slab model, conduction velocity was calculated with respect to activation time differences between nodes 1 and 2 labeled in Fig. 1 , situated at the tissue midpoint (x = 1.5 cm) and end (x = 3.0 cm). Fig. 2 shows snapshots of the V m distribution within the slab model at different instances in time following pacing for the BDMNB (left) and BDM (right) methods, with conductivities representing the isotropic (top) and anisotropic (bottom) cases. Here, we see that in both isotropic and anisotropic panels the wavefront in the BDMNB case is fully planar throughout its propagation. However, in the BDM case the wavefront exhibits a significant curvature with an increased conduction velocity at the tissue edges relative to the center causing a V-shaped wavefront morphology, as seen in previous bidomain modeling studies [2] , [26] . This V-shaped morphology is more pronounced in the anisotropic case, due to the increased conductivity along the fiber (x-) direction relative to the cross-fiber direction. Edge conduction velocity is 11.1% faster in the BDM case relative to the BDMNB case (49.3 versus 44.3 cm/s, respectively) for isotropic conduction, and 15.2% faster (50.8 versus 44.1 cm/s) for the anistropic case. The slight increase in BDM conduction velocity in the anistropic case is due to the increased concaved nature of the wavefront [27] .
III. RESULTS
A. Effect of Bath Loading on Wavefront Morphology During Pacing
Furthermore, initially (25-ms images) the wavefront at the center of the tissue in the BDM case propagates at approximately the same speed as the BDMNB wavefront, as tissue in this region is not directly affected by the presence of the bath. However, due to the angled propagation direction of the wavefront close to the tissue edge, steady state (whereby all regions of the tissue have the same conduction velocity) is eventually reached, which can be seen happening more rapidly in the isotropic case.
B. Sensitivity of Bath-Loading Effect to Specific Conductivity Values 1) Influence of Different Standard Conductivity Sets:
In Section III-A, it was shown how the presence of a conducting bath along the tissue edges in the bidomain case increased local conduction velocity, affecting wavefront morphology. Here, we examine how the use of different standard conductivity sets influences this effect. Fig. 3 . Snapshots of V m distribution within the slab model following pacing for simulations performed with the BDM approach using the three different standard conductivity sets given in Table I . For each conductivity set, the left image shows the case of propagation along the fiber direction, with the right image showing propagation along the cross-fiber direction. Times of each snapshot following pacing are shown at the base of each image. Fig. 3 shows V m distributions following pacing with the BDM approach using the three different standard conductivity sets detailed in Table I for propagation along the fiber direction (left) and along the cross-fiber direction (right). For all conductivity sets, propagation along the fiber direction produces a more highly curved wavefront than along the cross-fiber direction. In addition, the specific combination of conductivity parameter values used in the bidomain model is seen to significantly influence the interaction of the wavefront with the surrounding bath. For example, using the Clerc [24] conductivity set produces a very small degree of curvature in the wavefront, whereas the Roberts and Scher [12] conductivity set gives a pronounced V-shaped wavefront morphology for both propagation directions. Edge conduction velocity is 2.4%/0.7% faster in the BDM case relative to the BDMNB case (V m data not shown) for Clerc [24] along the fiber/cross-fiber directions, respectively, compared to 22.6%/3.6% for Roberts et al. [11] and 47.6%/15.1% for Roberts and Scher [12] .
2) Relating Wavefront Curvature to Specific Conductivity Values: In order to explain the large difference in the bathloading effect seen in Fig. 3 earlier for different standard conductivity sets, we begin by first considering the effective conductivity experienced by the tissue close to the boundary with the bath. In Section II-C, the parameter R ζ was introduced to define the ratio of the effective bulk conductivity experienced at the tissue edge in the presence of a bath, relative to that experienced deep within the bulk of the tissue. Table II calculates the respective values of R ζ for each set of standard conductivity values given in Table I in both fiber and cross-fiber directions (ζ = l, t) using (10) .
To investigate how the specific numerical values of the conductivity parameters influence the induced wavefront curvature through interaction with the conducting bath, Fig. 4(a) plots the variation in the conductivity ratio R ζ as a function of both g i and g e (for the default value of g b = 1.0 S/m) for fiber and cross-fiber directions ζ = l, t. Also shown in the plot are the points corresponding to the values of R ζ derived from the standard conductivity sets given in Table II . Fig. 4 shows that large Table II . (b) Variation in the simulated effective conduction velocity of the BDM model at the tissue edge, relative to the conduction velocity experienced with the BDMNB model (for the same conductivity parameter set) as a function of the conductivity ratio R ζ given in Table II. values of R ζ are given primarily for relatively small values of g e , along with large values of g i . Fig. 4(b) investigates the relationship between the value of the conductivity ratio R ζ and the witnessed wavefront curvature induced by the bath as found from bidomain simulations. Here, the curvature is quantified by the relative conduction velocity experienced at the tissue edge for the BDM model (see Fig. 3 ) relative to the conduction velocity experienced at the tissue edge for the corresponding BDMNB case for the same conductivity set (V m data not shown). Fig. 4(b) clearly demonstrates how, as R ζ increases, the conduction velocity at the tissue edge in the BDM model relative to the BDMNB model also increases in an approximately linear manner. Thus, the relative "effective" conductivity discrepancy between tissue edge and tissue center, induced by the presence of the bath, provides a biophysical explanation for the increased wavefront curvature effect witnessed in Fig. 3 .
C. Effect of Bath Parameters
Experimentally, the specific nature of the extracellular medium surrounding the tissue may vary. For example, optical mapping experiments of shock-induced arrhythmogenesis record activity from a heart entirely submerged within a perfusion bath, with many centimeters of bath surrounding the exterior heart surfaces [5] , [6] . On the other hand, other preparations may only be arterially perfused, with just a thin layer (approximately < 0.5-2 mm [28] ) of perfusate surrounding the tissue, keeping it alive. Furthermore, the nature and conductivity of the perfusing substance can also vary, for example, in vivo the heart is perfused with blood, not Tyrode's solution. Therefore, here we examine how the bath-loading effects on the wavefront witnessed earlier are affected by changes in the parameters defining the perfusing bath.
1) Influence of Bath Conductivity:
From (10), we can see that for particular values of g i and g e , the conductivity ratio R ζ is entirely a function of the bath conductivity g b . Fig. 5 (a) plots this analytical variation in R ζ as a function of g b , along both the fiber (blue) and cross-fiber (red) directions (using the Roberts and Scher [12] standard conductivity set). In Fig. 5(b) , we plot the conduction velocity ratio of the simulated BDM case relative to the BDMNB case (constant) measured within the slab model as g b is varied for both fiber (blue) and cross-fiber (red) directions with Roberts and Scher [12] conductivities. Annotated in both panels are the previously published conductivity values of blood (σ bld = 0.6 [2] ) and Tyrode's solution (σ Trd = 1.0 → 2.0 [2], [9] ).
In Fig. 5(a) , we see a very rapid rise in R ζ as g b increases from 0 to approximately 0.5. This rapid increase in R ζ over such g b values is matched by an equally rapid increase in conduction velocity in the BDM case, demonstrated by Fig. 5(b) , while for larger g b values, both R ζ and conduction velocity are seen to plateau. Importantly, we note that for the commonly used values of bath conductivities in simulations (blood or Tyrode's solution), R and conduction velocity are both high and relatively constant. Finally, we see that as g bath → 0, the conduction velocity experienced by the BDM case tends to that of the BDMNB case (ratio tends to 1), as expected, which physically corresponds to the situation of an infinitely resistive bath surrounding the tissue (exposure to air, for example).
2) Influence of Bath Width: Fig. 6 shows the variation in the measured conduction velocity ratio of the BDM case relative to the BDMNB case within the slab model as the width of the bath surrounding the slab is varied, considering propagation in both the fiber (blue) and cross-fiber (red) directions, using Roberts and Scher [12] conductivity set. Annotated on the plot is the range of typical perfusing bath widths w commonly used in experimental optical mapping setups (0.5-2 mm) [28] .
The figure shows that, in both cases, the conduction velocity in the BDM case increases rapidly until a bath width of approximately 0.1 cm, after which it is seen to plateau. However, even for the thinnest bath simulated (0.01 cm), the conduction velocity of the BDM case is still significantly faster than in the BDMNB case both along the fiber and cross-fiber directions with respective conduction velocity ratios of 1.21 and 1.10. Finally, throughout the range of w, the conduction velocity of the BDM case is always significantly greater than of the BDMNB case.
D. Representing the Bath-Loading Effect With an Augmented Monodomain Equivalent-Bidomain Model
In the aforementioned sections, it was shown how the presence of a surrounding conducting bath has a significant impact on both wavefront morphology and conduction velocity in the BDM model, which varies with the specific set of conductivity parameters used. Here, we demonstrate how the use of the MDMEQ presented in Section II-C can faithfully replicate these important features.
1) Proof of Principle: An important feature of the MDMEQ model is the use of the conductivity ratio R ζ [defined in (10) ] to scale the eigenvalues of the conductivity tensor of the tagged elements close to the tissue-bath boundary. This is important as Fig. 4 demonstrates how the value of R ζ is closely correlated with the witnessed increase in conduction velocity in the BDM relative to the BDMNB case.
Simulations were performed using the MDMEQ slab model for each of the standard conductivity sets of Fig. 7 shows the simulation results using the MDMEQ model (top) relative to those using the BDM model (center, repeated from Fig. 3) , showing snapshots of V m distributions at various times following pacing, comparing each of the three standard conductivity sets. As can be seen from the figure, for all conductivity sets, the MDMEQ model faithfully recreates both the wavefront morphology and the conduction velocity predicted by the more computationally expensive BDM model. Times of activation of the end edge node point in the slab in the MD-MEQ model were 59.12 ms/189.78 ms for Clerc [24] , 51.64 ms/160.79 ms for Roberts et al. [11] , and 50.82 ms/107.49 ms for Roberts and Scher [12] conductivities for propagation along the fiber/cross-fiber directions, respectively, compared to 58.61 ms/190.21 ms, 50.17 ms/161.32 ms, and 47.49 ms/108.06 ms using the BDM model, representing respective difference magnitudes of 0.87%/0.23% for Clerc [24] , 2.93%/0.33% for Roberts et al. [11] , and 7.01%/0.53% for Roberts and Scher [12] in activation times.
Finally, APD values were calculated at all points along the transmural line of x = 2.5 cm in the model for the case of conductivity values specified by Roberts and Scher [12] (which produced the most significantly curved wavefront) for both BDM and MDMEQ models. Differences in APD values between corresponding transmural locations were found to vary by < 2 ms between the two models, showing that the MDMEQ model successfully predicts both depolarization and repolarization wave morphologies.
2) Application to Complex Geometry: Here, we consider the application of the novel MDMEQ model, shown earlier to successfully replicate the conduction velocity and wavefront morphology of the BDM model on a simple slab model, to a Fig. 6 . Variation in conduction velocity ratio of the BDM case relative to the BDMNB case as the width of the bath is varied for propagation along both the fiber (blue) and cross-fiber (red) directions (using Roberts and Scher [12] conductivities). Panels on right show snapshots of V m distributions within the slab model for three different bath widths, each showing both the cases of propagation along the fiber (left) and the cross-fiber (right) directions, at the time instances given at the base of each image. Fig. 7 . Snapshots of V m distribution within the slab model following a pacing stimulus with the MDMEQ model (left) using the three different standard conductivity sets given in Table I . For comparison, the same snapshots from the BDM model are shown (right). For each case, both fiber (top) and cross-fiber (bottom) simulations are also shown, with the time of snapshot shown at the base of the image.
high-resolution rabbit ventricular model, described in Section II-A. Fig. 8(a) shows how the method of increasing conductivity in the edge elements is applied to the complex ventricular model. In this case, only the two myocardial tissue elements nearest to the tissue-bath interface are tagged (shown in blue), due to the increased element edge length in the ventricular model relative to the simple slab model. Fig. 8(b) then shows simulation results following an apical stimulus with the Roberts and Scher [12] conductivity set (see Table I ) using the BDMNB (left), the BDM (center), and MDMEQ (right) approaches: top row shows snapshots 50 ms following the pacing stimulus of the V m distribution throughout the ventricular cavities; bottom row shows time of first activation map plots.
Clearly evident from snapshots of Fig. 8(b) is the increased conduction velocity of tissue close to the tissue-bath interface in the BDM resulting in a significantly curved wavefront, relative to the BDMNB images. This effect is also visible from the isocontours within the activation maps. In addition, this increased conduction velocity seen within the BDM simulations results in a significantly faster total activation time of the ventricles (76.1 ms) relative to that seen in the BDMNB (93.4 ms) simulations. However, most importantly, both the increased wavefront curvature and the faster total activation time are replicated in the MDMEQ model (total activation time 78.7 ms, just 3.4% slower than the BDM model)-the isocontours of the activation maps of the BDM and MDMEQ models can be seen to be highly correlated with one another throughout all regions of the ventricles.
IV. DISCUSSION
Since the early application of bidomain theory, it has been well known that the presence of a conducting bath surrounding the myocardium induces a curvature in the propagating activation wavefront via the bath-loading effect [2] , [8] , [9] . In this study, we have investigated the biophysical origins of this effect and focussed on its relationship to specific conductivity parameters of the system, known to vary widely in the literature [10] . This acquired knowledge has facilitated the development of a novel augmented monodomain-equivalent bidomain model, which can faithfully replicate the bath-loading induced curvature in wavefront morphology due to associated differences in conduction velocity between tissue surface and bulk, specific to different conductivity sets, with a computationally inexpensive monodomain approach. The developed method can be used on Fig. 8. (a) Schematic representation of the method used to replicate the BDM model wavefront shape and conduction velocity using the MDMEQ approach within the complex whole ventricular geometry, using the same method as shown in Fig. 1(b) . Here, a longitudinal slice through the ventricles is shown with the two tissue elements immediately bordering the tissue edges at the tissue-bath interface (corresponding nodes shown in blue) tagged and assigned increased conductivity values, scaled by R ζ in the respective conductivity direction (ζ = l, t). (b) Simulation results following apical pacing within the whole ventricular rabbit model using BDMNB, BDM, and MDMEQ approaches. Top row shows snapshots of V m distribution throughout the ventricular cavities, where clipping planes have been used to facilitate visualization of the activity within the cavities. Bottom row shows activation time maps (in ms) from the onset of the pacing stimulus until the time of first activation of each myocardial node point. both simplified and highly anatomically complex cardiac models, and can be easily tuned to specifically represent different bidomain conductivity parameters.
A. Utility of Novel Monodomain-Equivalent Bidomain Model
Monodomain, not bidomain, models of cardiac electrical activity are almost exclusively used in computational investigations of cardiac arrhymia mechanisms [13] [14] [15] [16] [17] due to the relatively large load required to solve the bidomain problem over large-scale models [18] . The presented augmented monodomain-equivalent bidomain modeling approach facilitates investigation of the consequences of the bath-induced wavefront curvature upon arrhythmic activity during very long duration simulations due to its much faster solution time, shown here to be approximately seven times faster than the BDM model, on the particular setup used here.
Differences in wavefront morphology and conduction velocity between the BDM model and the presented MDMEQ model were found to be very minor, relative to the overall accuracy of the simulations. Furthermore, no relevant deviations are expected for any simulation studies which require the computation of paced activation sequences, owing to the synchronizing effect of stimulation. However, it remains to be investigated whether differences between the formulation arise over time in the case of more complex self-sustained activation patterns. Furthermore, although a previous study by Roth [29] showed how differences in anisotropy ratios could influence the trajectory of spiral wave tips during arrhythmias, no apparent difference in arrhythmia complexity was seen. Although our MDMEQ approach cannot explicity represent such anisotropy ratio-related effects, we believe that the bath-loading induced wavefront curvature, which it does successfully represent, will significantly dominate the resulting complexity of arrhythmias in bidomain representations. Thus, we believe our model, combined with the well-established Φ e recovery techniques (allowing ECG information to be derived from V m ) [4] , [19] , therefore, allows simulation of all relevant bidomain phenomena (other than extracellular stimulation) with a monodomain approach, facilitating investigation of arrhythmia mechanisms in long-duration simulations. However, it is important to note that, as the ECG is uniquely determined by the polarization state of the tissue, the novel MDMEQ method presented here will result in a significantly better approximation of the ECG due to the improved representation of the source distribution. Finally, for detailed studies of the effects of extracellular stimulation, however, the bidomain model remains the most appropriate choice, although the presented modified monodomain formulation can be employed right after stimulation effects have subsided, at least under the given stimulation protocol.
Furthermore, as the use of fully orthotropic representations of cardiac tissue becomes more widespread [30] , our MDMEQ approach can be easily adapted to represent the increased conductivity along each of the three orthonormal directions (as opposed to just the fiber and cross-fiber directions used here). However, this will require accurate values of conductivities within both intra-and extracellular domains to be obtained for the fiber, sheet, and sheet-normal directions, which can then be used to derive three separate conductivity ratios R ζ to scale the bulk conductivities along each respective direction.
B. Dependence of Bath-Loading Effect on Conductivity Parameters
In this study, we have demonstrated a significant variation in the witnessed bath-loading effects through using different standard published conductivity sets, commonly used in computational bidomain simulations [11] , [12] , [24] . This variation has been explained through investigation into the specific biophysical origin of the effect: we see a large curvature in the activation wavefront (and a large difference between surface conduction velocities between BDM and BDMNB cases) when there is a large difference in the "effective"conductivity experienced by the bulk of the tissue close to the tissue-bath interface, relative to the effective conductivity within the center of the tissue, away from external surfaces. The conductivity ratio R ζ defined here, which quantifies this difference in conductivity between edge and bulk, is a function of both the intra-and extracellular tissue conductivities (g ζ i and g ζ e ) along a given direction ζ, as well as that of the surrounding bath g b . Identifying such a dependence has allowed us to define a parameter that uniquely quantifies and predicts the expected bath-loading effects on the wavefront in terms of the specific conductivities of a given system. The results of this analysis, thus, provide an important consideration when choosing different conductivity values for bidomain studies.
Furthermore, the substantial magnitude of the effect witnessed for certain parameter sets (Roberts and Scher [12] , for example) thus suggests the importance of using a bidomain approach (or equivalent) when performing simulations of electrical activity, particularly with respect to studies of arrhythmias. Specifically, it remains an open question how wavefront curvature induced by the bath loading affects filament stability and the evolution and resulting complexity of arrhythmias (as has shown to be important in the case of fiber rotation [13] and geometric surface curvature [31] ), and, furthermore, how interactions with a conducting/insulating boundary may affect arrhythmia induction [32] .
C. Role of the Surrounding Extracellular Bath
Computational cardiac models are often used to directly compare simulation results with ex vivo experimental measurements [6] as well as to provide insight into the functioning of the heart in vivo. In each case, the exact nature of the preparation, and more specifically the surrounding extracellular medium, can differ.
The results from this study (see Fig. 6 ) have demonstrated that even the thinnest layer (∼ 0.1 mm) of conducting medium in contact with the tissue surface will produce a significant bath-loading effect on the activation wavefront. Thus, the bathloading effect is expected to be present when modeling both arterially perfused Langendorf preparations (where only a very thin layer of perfusate would be expected to be on the tissue surface, sufficient to prevent ischemia) as well as when simulating ventricular models fully submerged in perfusing baths with filled ventricles.
Furthermore, the results of Fig. 5 demonstrated little differences in the expected bath-loading effect for conductivities of the surrounding bath of g b > 0.5 S/m. Thus, the effects of induced wavefront curvature would be expected to be present to a similar degree when modeling an in vivo scenario of the heart in contact with blood within the cavities (g b ≈ 0.6 S/m [2] , [4] ) as when perfused with Tyrode's solution (g b ≈ 1.0 − 2.0 S/m [2] , [9] ).
V. CONCLUSION
In summary, this study has investigated the bath-loading effects during cardiac bidomain simulations and presented a novel augmented monodomain-equivalent bidomain model faithfully replicating all aspects of wavefront morphology and conduction velocity of the bidomain model within reasonable bounds of accuracy, but with a fraction of the computational cost (≈ 7 times faster than bidomain). The augmented monodomain-equivalent model can be easily applied to simulate the bath-loading effects for any specific set of conductivity parameters, which are also shown to significantly influence the resulting wavefront curvature in bidomain simulations. However, bath-loading induced wavefront curvature is seen to be less dependent upon the thickness of the surrounding bath or its conductivity, with even relatively thin surrounding fluid layers (∼ 0.1 mm) and relatively low g b (∼ 0.5 S/m) still producing significant wavefront curvature in bidomain simulations. The results of this study have important implications in the use of bidomain and monodomain simulation approaches, particularly with respect to the investigation of cardiac arrhythmia mechanisms, as well as in the choice of particular conductivity values to use in each case. It is hoped that the use of the augmented monodomain-equivalent bidomain model will facilitate the accurate simulation of cardiac wavefront dynamics at a reduced computational cost and aid in the faithful comparison of simulations with experiments.
